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Abstract 
The effect of presence of nanoparticles on natural convection and entropy generation in a semi-circular enclosure with present heat flux is 
investigated numerically in the present work. The enclosure is filled with nanofluids (Cu-water). The heat flux is supplied partly in the center of the 
base wall, and the other parts of base wall of the enclosure are assumed adiabatic. The center of the circular arc (-45°≤γ≤+45°) is assumed at constant 
cold temperature and the other parts of the circular arc are adiabatic. Finite element method based on the variational formulation is employed to solve 
momentum and energy as well as post-processing streamfunctions. The results are based on visualization of isotherms, streamfunction and entropy 
generation. Comparison with previously published work is performed and the results are found to be in a good agreement. The influence of pertinent 
parameters such as Rayleigh number (104 ≤Ra≤107) and solid volume fraction of nanoparticles (0≤Φ≤0.15 step 0.05) on the flow, temperature, and 
entropy generation are examined in the present paper. The results show that the heat transfer rate increases with an increase of the Rayleigh number 
and the nanoparticles volume fraction. The system irreversibility increases as nanoparticles fraction increase.  
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1. Introduction 
The problem of natural convection in enclosures has many engineering applications such as the cooling systems of electronic 
components, the building and thermal insulation systems, the built-in-storage solar collectors, the nuclear reactor systems, the food 
storage industry and the geophysical fluid mechanics [1]. Various techniques have been proposed to enhance the convection heat transfer 
performance of fluids inside the enclosure. Convective heat transfer can be enhanced by changing flow geometry, boundary conditions 
and by enhancing thermal conductivity of the fluid.  
The effect of flow geometry on the natural convection was investigated in many researches. Different cavities shape were studied: 
rectangular [2], triangular [3], trapezoidal [4], sinusoidal [5], octagonal [6], prismatic [7] and annulus area [8]. Different boundary 
conditions had been employed for the convection heat transfer inside cavity, like: constant wall temperature and constant heat flux. 
The present of heat flux inside enclosure which is filled with nanofluid had been studied in different works. Aminossadati and Ghasemi, 
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[9], numerically analyzed natural convection inside a cavity embedded with heat source on the bottom wall and filled with nanofluids. 
Their results indicated that the adding of nanoparticles into pure water improves its cooling performance especially at low Rayleigh 
numbers. Mahmoudi et al [10], studied the entropy generation and heat transfer in natural convection flow inside enclosure which is 
filled by nanofluid (Cu-water). Their analysis has been done for a two dimensional trapezoidal enclosure with the left vertical wall and 
inclined walls kept in a constant cold temperature and a heat flux source embedded on the bottom wall. The results show that at Ra=104 
and 105 the enhancement of the Nusselt number increases due to presence of nanoparticles. 
The present study may be encountered in a number of electronic cooling devices equipped with nanofluids. Hence, the main purpose 
of present analysis is to investigate numerically the effects of a presence of nanoparticles on the natural convection and entropy 
generation inside semi-circular cavity. The study is performed for various values of Rayleigh number (104≤Ra≤107) and volume fraction 
of the nanoparticles (0≤Φ≤0.15 step 0.05). 
Nomenclature 
q'' heat flux (W/m2)  
Pr Prandtl number 
T temperature (K) 
Be Bejan number 
Ra Rayleigh number 
Nu Nusselt number on the heat source surface  
U dimensionless velocity component in x-direction 
V dimensionless velocity component in y-direction 
X dimensionless coordinate in horizontal direction 
Y dimensionless coordinate in vertical direction 
α thermal diffusivity (m2/s) 
ε length of heat source at base wall (m) 
ψ dimensionless stream function 
μ dynamic viscosity (kg.s/m) 
Φ nanoparticle volume fraction 
ζ dimensionless length of base heat source (ε/Lc) 
2. Problem description and assumptions 
The physical model of the present study shows in Fig.1. It consists of a two dimensional semi-circular cavity of radius(r). A heat 
source with length (2ε) is embedded on the enclosure base wall. The remaining boundary parts of the base wall are thermally insulated. 
The center of the circular arc (-45°≤ γ ≤+45°) kept at constant cold temperature (Tc) and the other parts of the boundary circular arc are 
adiabatic. The fluid in the enclosure is a nanofluid (Cu-water).  
 
Fig. 1. Schematic of the case study. 
The assumptions that used here as follows [1]: the nanofluid are assumed to be Newtonian and incompressible. The flow is assumed 
to be laminar. The base fluid and the nanoparticles are assumed to be in thermal equilibrium and no slip occurs between them. 
Thermophysical properties of the nanofluid are assumed to be constant except the density variations causing a body force term in the 
vertical component of momentum equation. 
3. Mathematical formulation and simulation 
The final governing equations (mass, momentum and energy) for steady state two-dimensional natural convection in the semi-
circular cavity can be written with following dimensionless variables or numbers [9]: 
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Here, ρnf is the effective density of the nanofluid defined as: ɏ୬୤ ൌ ሺͳ െ Ȱሻɏ୤ ൅ Ȱɏ୮. According to Brinkman’s formula [1], the 
effective dynamic viscosity of the nanofluid as: Ɋ୬୤ ൌ ஜ౜ሺଵି஍ሻమǤఱ . The thermal expansion coefficient of the nanofluid is given by: (ɏȾሻ୬୤ ൌ
ሺͳ െ ȰሻሺɏȾሻ୤ ൅ ȰሺɏȾሻ୮ . The thermal diffusivity of the nanofluid is given by: Ƚ୬୤ ൌ ୩౤౜ሺ஡େ౦ሻ౤౜ , where knf is the nanofluid thermal 
conductivity is given by:୬୤ ൌ ୤ ൫୩౦ାଶ୩౜൯ିଶ஍൫୩౜ି୩౦൯൫୩౦ାଶ୩౜൯ା஍൫୩౜ି୩౦൯ .The nanofluid heat capacitance is:൫ɏ୮൯୬୤ ൌ ሺͳ െ Ȱሻሺɏ୮ሻ୤ ൅ Ȱሺɏ୮ሻ୮ . The 
thermophysical properties of the base fluid and the nanoparticles in this study are given in Table 1 as reported in [9]. 
                          Table 1. Thermophysical properties of base fluid and nanoparticles [9]. 
Properties Water Cu 
Cp (J/kg.K) 4179 385 
K (W/m.K) 0.613 401 
ρ (kg/m3) 997.1 8933 
β(1/K)×105 21 1.67 
The fluid motion is described using the streamfunction that obtained from velocity components U and V. The relationships between 
streamfunction and velocity components for two dimensional flows are [1]: 
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The no-slip condition is valid at all boundaries as there is no cross flow, hence ψ = 0 is used as residual equations at the nodes for 
the boundaries.  
The boundary conditions that combined with the governing equations (Eqs. 1-5), as following: 
At horizontal base wall 
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At circular arc 
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The local Nusselt number on the heat sources can be defined as follows: ሺሻ ൌ  ୦୐ౙ୩౜ Where  ൌ 
୯′′
୘౩ି୘ౙ. Rearranging the local 
Nusselt number at the heat source by using the temperature dimensionless. The local Nusselt number at constant heat flux is obtained 
for the nanofluid case using the following relation: ሺሻ ൌ ଵ஘౩ሺଡ଼ሻ, Where, θs is the dimensionless heat source temperature. The average 
Nusselt number is determined by integration local Nusselt number along the heat source.  
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The local entropy generation rate produced in cavity has two different sources; heat flow and viscous dissipation. The local entropy 
generation rate can be written as [10]: 
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Where ൌ ୘౥୙౥మο୘మ
ஜ౤౜
୩౜
 . The first and second terms on the right hand side of the Eq.7 represent the entropy generation produced by 
heat flow and viscous dissipation, respectively. To evaluate the total entropy generation rate it is necessary to integrate the local entropy 
generation rate over a unit area of the cavity. The Simpson numerical method is used for integration over a unit area. The non-
dimensional total entropy generation is obtained through the integration of the local entropy generation in all computational domains, 
as indicated in equation, ሶ ୥ୣ୬ ൌ ׬୥ୣ୬. An alternative parameter for irreversibility distribution is the Bejan number defined as: 
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4. Numerical Method and Validation  
The main equations (Eqs. 1-5) were discretized using finite element method based on the variational formulation. A non-uniform 
triangular mesh arrangement is implemented especially near the walls to capture the rapid changes in the dependent variables. In the 
present analysis to predict the final steady state velocity, temperature and pressure, an improvement over Chorin's algorithm, given by 
Rannacher [11] is used here. Convergence criteria for streamfunction and temperature are:
σ ห஗೔೘శభି஗೔೘หಿ೚Ǥ೚೑೙೚೏೐ೞ೔సభ
σ ห஗೔೘శభหಿ೚Ǥ೚೑೙೚೏೐ೞ೔సభ
൑ ͳͲି଻ , where η 
represents ψ or θ. 
 Accuracy testing for the grid sensitivity is examined to ensure the grid-independence solutions. Series of trial calculation of 
different non-uniform grid systems for the case: nanofluid (Cu-water) with Φ=0.1, ε=r/2, Lc=r and Ra=105 were conducted as shown 
in Table 2. From these comparisons, the difference between the results of the elements 5576 and that of the elements 6997 is very 
small. In order to optimize appropriate grid refinement with computational efficiency, it is suggested that 5576 non-uniform elements 
is sufficient to produce an accurate results. 
Table 2. Accuracy testing results. 
No. of element |ψmax| θmax തതതത 
2154 3.49759 0.350552 5.0854 
3083 3.49456 0.350569 5.08402 
4131 3.4955 0.350593 5.0827 
5576 3.49132 0.350604 5.08111 
6997 3.4914 0.350608 5.0810 
 
The accuracy of the present numerical study was checked against a published numerical results of Aminossadati and Ghasemi [9] 
for natural convection with present heat source embedded. The results for average Nusselt number, maximum temperature and 
streamfunction showed relatively very low differences (Table 3.). 
Table 3. The nanofluid (Cu- water) (Φ=0.1). 
Ra |ψmax| θmax തതതത 
 [9] Present [9] Present [9] Present 
103 0.023 0.022 0.205 0.21 5.45 5.56 
104 0.251 0.248 0.205 0.202 5.47 5.57 
105 2.988 2.96 0.172 0.171 7.12 7.19 
106 11.593 11.5 0.107 0.107 13.8 13.42 
5. Results and Discussion 
The results of the present study are computed for different values of Rayleigh number (104 ≤ Ra ≤ 107) and nanoparticles volume 
fraction (0 ≤ Φ ≤ 0.15 step 0.05). The base fluid is water with (Pr=6.2). The heat sources length (Ƀ=0.5) is considered for all cases. The 
characteristic length equal the radius of the enclosure (Lc=r). In all figures, the nanofluid represented by solid lines (───) and the pure 
water by dashed lines (- - - -).  
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5.1. Streamfunction 
The strength of convection heat transfer is evaluate using streamfunction. The effect of nanoparticle volume fraction on the 
streamfunction is plotted in Fig.2 for different values of Rayleigh. For all cases, the buoyancy forces is generated due to the fluid 
temperature differences. The hot fluid over the heat source rises from the middle portion of the bottom wall to the upper cold wall. The 
rising hot fluid that gets blocked at the top adiabatic wall, which turns the flow and then descends downwards along the curved adiabatic 
wall and turns back to the central region after hitting the bottom wall. This processing creates two symmetrical cells with anticlockwise 
and clockwise rotations inside the enclosure. Because of the symmetrical boundary conditions about the vertical Y-axis, the 
streamfunction is symmetric about the vertical centerline of the enclosure. The flow inside the enclosure are controlled by these cells. 
The maximum streamfunction increases as the Ra increases. This is due to increase the fluid motion and velocity and then increase 
streamfunction. While, the maximum streamfunction decreases as the nanoparticle volume fraction increases due to decrease in the 
fluid movement and increase in the fluid density. The core center of the streamfunction is moving toward the upper curved surface with 
increasing of the nanoparticle volume fraction. The Table 4 shows the change of the maximum streamfunction with Rayleigh and 
nanoparticles volume fraction. 
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Fig. 2. Streamfunction. 
                                                                     Table 4. The maximum streamfunction. 
Φ Ra=104 Ra=105 Ra=106 Ra=107 
0 2.96148 10.4573 26.5423 58.2011 
0.05 2.43411 9.74823 26.616 55.8727 
0.1 1.79271 8.9846 24.335 52.3449 
0.15 1.10721 8.14714 22.869 51.4386 
5.2. Isotherms 
The effect of the nanoparticle volume fraction on the isotherms for different values of Rayleigh plots in Fig.3. Because of the 
symmetrical boundary conditions about Y-axis, the isotherms is symmetrical about the vertical centerline of the enclosure. The 
maximum isotherms increases as the Rayleigh number decreases due to decrease the fluid movement and reduce the heat removed by 
the fluid. The maximum isotherms decreases as the nanoparticles volume fraction increases due to increase in the conduction effect 
and then increase the heat removed. The effect of the nanoparticles volume fraction on the maximum isotherms increases at lower 
Rayleigh than for high Rayleigh due to increase in the conduction effect. The slope of the isotherms contours with Y-axis reduces as 
nanoparticles volume fraction increases due to increase in conduction in X-axis. The Table 5 shows the change of the maximum 
isotherms with Ra and nanoparticles volume fraction.  
Table 5. The percentage of the maximum isotherms. 
Φ Ra=104 Ra=105 Ra=106 Ra=107 
0 0.47256 0.28695 0.18636 0.11032 
0.05 0.46068 0.26857 0.1756 0.10459 
0.1 0.4485 0.25319 0.16801 0.09932 
0.15 0.41892 0.24078 0.15792 0.08778 
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Fig. 3. Isotherms. 
5.3. Average Nusselt number 
The average Nusselt number is illustrated in Fig. 4 to examine the effect of the nanoparticles volume fraction on heat transfer for 
various Rayleigh number. As observed in this figure, the average Nusselt number increases as the Rayleigh and nanoparticles volume 
fraction increase. The effect of nanoparticles volume fraction increases as Rayleigh increase. This is due to increase the conduction for 
high value of Rayleigh number. 
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Fig. 4. Average Nusselt number. 
5.4. Entropy generation and Bejan number 
The entropy distribution above one half of the cavity is shown in Fig.5. Due to symmetry, only half of the computed geometry is 
shown. In this figure, the intensive concentration of the total entropy generation locate near the heat flux and the cold wall. The addition, 
the presence of nanoparticles reduce the entropy generation due to reduced fluid movement and increased heat transfer by conduction. 
The effect of nanoparticle volume fraction on total entropy contour decreases as Rayleigh increases. The total entropy generation near 
the corners is very small due to reduced fluid movement in these corners.  
In order to check the irreversibility of the system, the percentage increasing in Bejan number due to added particles are plotted in 
Fig.6. The percentage increasing of Bejan number increases as nanoparticles volume fraction increases. The effect of nanoparticles 
volume fraction on percentage increasing in Bejan decreases as Rayleigh increases. 
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                                                   Fig. 5. Entropy generation.                                                                                    Fig. 6. Bejan Number. 
6. Conclusion 
The effect of nanoparticles on natural convection and the entropy generation in a semi-circular cavity heated at the base wall has 
been investigated numerically using finite element method. The influence of Rayleigh number (104≤Ra≤107) and nanoparticles volume 
fraction (0≤Φ≤0.15) on the streamfunction, isotherms, Nusselt number, total entropy generation, and Bejan number are performed. The 
main conclusions of the present analysis are: 
i. The maximum streamfunction value increases as Rayleigh number increase and decreases as Φ increase. 
ii. The percentage increasing in Bejan number increases as the nanoparticles volume fraction increases.  
iii. The effect of nanoparticles volume fraction on average Nusselt number increases as Rayleigh increases. 
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